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How about well-known functions

Well-known functions do not have this property.

Moreover, the Gamma function I'(z) does not have
this property, since I'(a + 1) = aI'(«) for any
aecQ\{0,-1,-2,-3,...}.

Furthermore, the Riemann zeta function
o0

1
= — d t have thi ty, si
C(s) ;ns oes not have this property, since
C(2k) € Q*7? for any k € Z-( and so
C(2k)*¢(20)™% € Q* for any distinct k, £ € Z-.



Perfect algebraic independence property

In this talk,

an analytic function f(z) is said to have the perfect
algebraic independence property

if the values of f(z) at any nonzero algebraic
numbers within the natural boundary of f(z) are
algebraically independent, namely

the infinite set

{f(Q) (ae@mef}

is algebraically independent, where D[ denotes the
domain of existence of the analytic function f(z).
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Differential perfect algebraic independence property

In this talk,

an analytic function g(z) is said to have the
differential perfect algebraic independence property
if the values of g(z) as well as the derivatives of
g(z) of any order at any nonzero algebraic numbers
within the natural boundary of g(z) are algebraically
independent, namely

the infinite set

{g(l)(a) ‘ | €7, a€Q” ﬁDg}

is algebraically independent, where D, denotes the
domain of existence of the analytic function g(z).



0. Introduction

Ingredients of this talk

The speaker will introduce 5 types of functions having the
(differential) perfect algebraic independence property:
@ Complex entire functions having the differential perfect
algebraic independence property,
@ Complex functions with natural boundary |z| = 1 having
the (differential) perfect algebraic independence property,
© Complex entire functions represented as infinite products
and having the differential perfect algebraic independence
property without their zeroes,
© Complex functions of three variables having the perfect
algebraic independence property, and
© Functions defined over function fields of positive
characteristic, and having the differential perfect algebraic
independence property.
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The following complex entire function g(z) has the differential
perfect algebraic independence property, namely the infinite
set {g®(a) |l € Z=o, a € Q" } is algebraically independent:
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k=0

[e.o]

T (1996): g(z) = ZﬁR’“zk, where { Ry} x>0 belongs to a

certain class of linear recurrences, which will be explained later

and includes the sequence {F} }x>o of Fibonacci numbers.



Complex functions with natural boundary |z| =1

having the perfect algebraic independence property

The following complex function f(z) has the natural
boundary |z| = 1 and the perfect algebraic
independence property, namely the infinite set

{f(oz) ‘ OZEQXHD}:{JC(@) |laeQ, 0< o<1}
is algebraically independent, where

D={zeC : |z| <1}
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The following complex function f(z) has the natural boundary
|z| = 1 and the perfect algebraic independence property,

namely the infinite set {f(a) | a € Q" N D} is algebraically

independent:
Nishioka (1987): f(z) = z***.
k=0
Masser (1999): f(z) = Z[kw]zk, the Hecke-Mahler series,
k=1

where w € R is a quadratic irrational number and [z] denotes
the largest integer not exceeding the real number z.
[e.e]

T (unpublished): f(z) = 2% **, where d € Z with d > 2.

k=0
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2. Unit circle

Complex functions with natural boundary |z| =1

having the perfect algebraic
independence property

The following complex function g(z) has the natural boundary
|z| = 1 and the differential perfect algebraic independence
property, namely the infinite set

{gD(a) |1 € Zso, a € @x N D} is algebraically independent:

Nishioka (1987): Z ek

Recently Tanuma-T proved that

g(z) = Z[k:w]z , where w € R is a quadratic irrational
k=1
number with |w — &'| > 2 (w': the conjugate of w).
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within the unit circle are proved by using Vandermonde
determinant whose entries are distinct roots of unity.
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2. Unit circle

Complex functions with natural boundary |z| = 1 having the (differential)

perfect algebraic independence property

All the (differential) perfect algebraic independence results
within the unit circle are proved by using Vandermonde
determinant whose entries are distinct roots of unity.
Presuming from f(z) = 3.5° 2% +% and g(z) = 3352, 2,
we raise the following

Problem

Let f(z) =D poy 2% € {0,1}[[2]]. Does f(z) have the
(differential) perfect algebraic independence property within
the unit circle if the following 2 conditions are both satisfied?

@ The exponents satisfy liminf e /e, > 1.
k—o0

@ Forany N € Z-¢ and for any a € {0,1,..., N — 1},
there are infinitely many & such that e; = a (mod N).




3. Infinite products

Complex entire functions represented as infinite
products and having the differential perfect

algebraic independence property

Let
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3. Infinite products

Complex entire functions represented as infinite products and having the

differential perfect algebraic independence property

A special case of Theorem of Kurosawa-Tachiya-T (2014)

gd(Z)=ﬁ<1 ;> (d=2,3,4,...),

o dF dF
k=0 Clpl + CQPQ

where ¢y, co, p1, p2 € @X and py, po are multiplicatively
independent and satisfy p; > max{1, po}. Then
the infinite set

{60(@) | 422 1€25, a €Q\ferpl" + 28 hiso }

is algebraically independent.




4. Three variables

Complex functions of three variables having the

(quasi) perfect algebraic independence property

Let {G\}r>0 be the generalized Fibonacci numbers defined by
Go=0, Gi=1, Git2=0Gk11+Gr (k>0),
where b is a positive integer. Then the infinite set
2k gG1tGat-+Gh

. q
{Z ]__aqu aqG2>...(1_aqu)

k=1
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4. Three variables

Complex functions of three variables having the

(quasi) perfect algebraic independence property

Let {Rx}r>1 be a linear recurrence of positive
integers satisfying

Rk:—|—n - Cle—l—n—l +- Can (k > 1)7

where n > 2 and ¢y, ..., ¢, € Z>( with ¢, # 0.

Define

00 xqu1+R2+"'+Rk
@ —
(SC,CL;Q) Z (1 _aqu)(l _aqR2)..-(1 _CLqu)




4. Three variables

Complex functions of three variables having the

(quasi) perfect algebraic independence property

In what follows, let

U:{(x,a,q) ’x,a,qe@\{O}, la| <1, \q|<1}.

Then O(z,a,q) E H - converges at
k=1 I=1

any point in U. Let (z1,a1,q1), (flfg,@g,(]g) e U. We
write (x1,a1,q1) ~ (22, a9,q2) if x1/ay = x9/as and
if a1qi* = ayqs™ for all sufficiently large k. Then ~
is an equivalence relation.



4. Three variables

Complex functions of three variables having the

(quasi) perfect algebraic independence property

Theorem (T, 2009)

Let { Ry }r>1 be a linear recurrence of positive integers defined
above. Suppose { Ry }r>1 is not a geometric progression. Let
P(X)=X"—c; X"t — ... —c,. Assume that ®(+1) # 0
and the ratio of any pair of distinct roots of ®(X) is not a
root of unity. Then the values

oo k
0w e =3 [[{=m (@a0el)

k=1 I=1

are algebraically dependent if and only if there exist distinct
(21,01, q1), (22, a2,q2) € U such that

(21, a1, q1) ~ (22,02, G2).-
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Recall that (a:l,al,ql) ~ (Z'Q,CLQ,QQ) if xl/al = IQ/CLQ and if
aqu’“ = @qf’“ for all sufficiently large k. We have
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Complex functions of three variables having the
(quasi) perfect algebraic independence property

Recall that (a:l,al,ql) ~ (ZL’Q,CLQ,(]Q) if xl/al = ZEQ/CLQ and if
aqu’“ = @qf’“ for all sufficiently large k. We have

Corollary (T, 2009)

Suppose that { Ry }i>1 satisfies

Riin =c1Rpyn—1+ -+ coo1Rir1 + R (k> 1). Let

N* = ng<R2 — Rl, R3 — RQ, 500 7Rn+l — Rn) Let( be a
primitive N*-th root of unity and G = ((¢™*, ¢, ¢71)) a
cyclic group generated by (¢, (™, ™) with componentwise

multiplication. Then the values ©(x, a, q) Z H s

k=1 I=1
((w,a,q) € U) are algebraically dependent if and only if there
exist distinct (x1,a1,q1), (ra2, as, q2) € U such that
(z1/29,a1/a2,q1/q2) € G.
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Complex functions of three variables having the

(quasi) perfect algebraic independence property

Corollary (T, 2009)

Suppose in addition { Ry} > satisfies
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Complex functions of three variables having the

(quasi) perfect algebraic independence property

Corollary (T, 2009)

Suppose in addition { Ry} > satisfies

Riin =1 Rpyn-1+ -+ co1Rip1 + R (k> 1). Let
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((x,a,q) € U) are algebraically dependent if and only if there

exist distinct (v1, a1, q1), (2, a2,q2) € U such that
(z1/22,a1/a2,q1/q2) € G.

By this corollary we have the example stated above.
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Complex functions of three variables having the (quasi) perfect algebraic
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By this corollary we have the example stated above, since
N* =gcd.(Gy— Gy, Gz3—Gy) =ged.(b—1,—b+1) = 1.
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Complex functions of three variables having the (quasi) perfect algebraic

independence property

By this corollary we have the example stated above, since
N* =gcd.(Gy— Gy, Gz3—Gy) =ged.(b—1,—b+1) = 1.

Let {G\}r>0 be the generalized Fibonacci numbers defined by
Go=0, Gi=1, Gii2=0Gk41+Gr (k>0),
where b is a positive integer. Then the infinite set
1k Gr+Gat+Gy

= q

k=1

is algebraically independent.
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Complex functions of three variables having the

(quasi) perfect algebraic independence property

Theorem (T, 2009)

Let { Ry }r>1 be a linear recurrence of positive integers defined
above. Suppose { Ry }r>1 is not a geometric progression. Let
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and the ratio of any pair of distinct roots of ®(X) is not a
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Function field in positive characteristic

Let p be a prime and [, the finite field of ¢

elements with ¢ = p°.

Correspondence between the notions in function
field over IF, and those of QQ is as follows:
A=F,0] +—Z, K:=TF,0) +— Q,

monic irreducible polynomial € A <— prime € Z.
For any maximal ideal P C A, which is generated
by a monic irreducible polynomial of A, we can
construct the “P-adic” completion Kp of K in a
similar way to construct the p-adic number field Q,.
For example, Ky = F,((0)).



Function field in positive characteristic

On the other hand, for a = b/c € K* with
b,c € A\{0}, define |a|s := ¢2°®(@ where
degy(a) := degy(b) — degy(c).



Function field in positive characteristic

On the other hand, for a = b/c € K* with
b,c € A\{0}, define |a|s := ¢2°®(@ where
degy(a) := degy(b) — degy(c).

Let Ko = F,((1/60)), which is the completion of K
with respect to | - |». Let K% be the algebraic
closure of K, and C4, the completion of Kgég',
which is algebraically closed.

We treat not only C,, with v = co but also with

v = P, the maximal ideal of A generated by a

monic irreducible polynomial in A. For example,
C(p) is the completion of K(agl)g' with K =F,((9)).



5. Positive characteristic

The result

We give a positive characteristic analogue of the
following result in all the complete, algebraically
closed field C,, for any nontrivial absolute value | - |,
on K.

Theorem (Nishioka, 1996)
For an integer d > 2 and for 3 € Q with 0 < |3| < 1, define

g(z) = Z BY 2% Then, the infinite set
k=0

{g(j)(a) ‘jEZZO, ae@x} cC

is algebraically independent over Q.




5. Positive characteristic

Complex entire functions having the differential

perfect algebraic independence property

The following complex entire function g(z) has the differential
perfect algebraic independence property, namely the infinite
set {g®(a) |l € Z=o, a € Q" } is algebraically independent:
Fixﬁe@with0< |5| < 1andd€Zwithd22.

Nishioka (1986): Z Be 2k

Nishioka (1996): ¢g(z) = Zﬁdkzk.

k=0

o0

T (1996): g(z) = ZﬁR’“zk, where { Ry} x>0 belongs to a

certain class of linear recurrences, which includes the sequence

{F }r>0 of Fibonacci numbers.
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The result
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g(z) = Z BY 2% Then, the infinite set
k=0

{g(j)(a) ‘jEZZO, ae@x} cC

is algebraically independent over Q.
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Hasse-Teichmuller derivatives

Since the derivative ¢ () of order p vanishes over the field
of characteristic p > 0, we consider Hasse-Teichmiiller
derivatives defined as follows instead of the usual derivatives:



5. Positive characteristic

Hasse-Teichmuller derivatives

Since the derivative ¢ () of order p vanishes over the field
of characteristic p > 0, we consider Hasse-Teichmiiller
derivatives defined as foLIOows instead of the usual derivatives:

For any Laurent series Z crx® € R((x)) with coefficients in
k=m

any ring R and for any nonnegative integer j we define the
Hasse-Teichmiiller derivative H"Y) of order j by

HY (;ﬂ ckxk) = ,;an (f) k7,

The Hasse-Teichmuiller derivatives satisfy the product rule, the

quotient rule, and the chain rule.



Functions defined over function fields of positive
characteristic, and having the differential perfect

algebraic independence property

Theorem (Goto-T, submitted)

For an integer d > 2 not divisible by the
characteristic p and for B € K™* with 0 < |3], < 1,
(o]

define g(z) := Z Bdkzk. Then, the infinite set
k=0

{H(J)g(a) ‘ J € ZL>y, a € (Kalg')x} C G,

is algebraically independent over K .
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5. Positive characteristic

The result

Not only in (', with v = oo but also in C), with

v = P, the maximal ideal of A generated by a
monic irreducible polynomial in A, we gave a
positive characteristic analogue of the following
Theorem (Nishioka, 1996)

For an integer d > 2 and for 3 € Q with 0 < || < 1, define

g(z) == " 2*. Then, the infinite set

k=0

{g(j)(a) ‘jGZZO, ae@x} cC

is algebraically independent over Q.




5. Positive characteristic

Functions defined over function fields of positive characteristic, and having

the differential perfect algebraic independence property
Theorem (Nishioka, 1996)
For an integer d > 2 and for 3 € Q with 0 < |3| < 1, define
o

g(z) = Z ,Bdkzk. Then, the infinite set
k=0 (4U)(a) | j€Zsp, a€Q }CC
is algebraically independent over Q.

N

Theorem (Goto-T, submitted)

For an integer d > 2 not divisible by the characteristic p and

for B € K™% with 0 < |B|, < 1, define g(z) := Y _ 8% 2.

Then, the infinite set k=0
{HYg(a) | j € Zso, a € (K™®)"} C C,

is algebraically independent over K .

)



Thank you very much
for your attention!
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